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J. PHYS. A (GEN, PHYS.), 1969, SER. 2, VOL, 2. PRINTED IN GREAT BRITAIN

Stability of conserving approximations and second-order
phase transitions in interacting Fermi systems

G. MORANDI}
Department of Physics, Imperial College
MS. received 1st April 1969

Abstract. The equivalence between the thermodynamic stability condition that the
free energy be a local minimum and the requirement that the correlation functions
show no zero-frequency poles is proved for a general class of conserving approxima-
tions to many-fermion problems. Previous stability treatments are rederived as
particular cases of the general theorem, and some applications are developed. The
consequences of the theorem are briefly discussed.

1. Introduction

The problem of the thermodynamic stability of an interacting many-fermion system is
usually attacked from two different points of view. The first one is a purely statistical-
mechanical approach, in which one starts with a given Hamiltonian or a given effective
Hamiltonian and builds up the partition function and the free energy, requiring then the
latter to be a (at least relative) minimum. This approach has the advantage of being
mathematically very straightforward, once a good mathematical characterization of the
Hamiltonian has been given; in particular, it allows one to establish a number of very
elegant and useful properties, such as minimum principles and absolute lower bounds for
any approximation to the free energy (see, e.g., Huber 1967). Its disadvantage is that it is
almost never possible to define a clear-cut effective Hamiltonian corresponding to a given
approximation, except for the very simple ones. On the other hand, the Green function
approach allows one to develop a whole class of approximations which are much more useful
in actual descriptions of a Fermi system; the stability problem comes out in this formalism
as the requirement that certain correlation functions (and the susceptibilities that can be
deduced from them) develop no complex poles corresponding to collective modes of the
system growing exponentially in time. The onset of instabilities is usually said to be at the
point where such functions develop a zero-frequency pole. Examples of this kind are the
well-known Stoner criterion for itinerant ferromagnetism (Stoner 1938) and the #-matrix
approach to the Cooper instability (Schrieffer 1964). From a conservative point of view the
request of no complex or zero-frequency poles appears rather as a requirement that the
perturbation expansion for the relevant physical response functions be well behaved and
convergent, so that we can end up with results displaying the correct analytical properties.
There is no general clear-cut connection of this with the requirement that the free energy be
a minimum. Such a connection, as far as we know, has been established only in two cases,
namely in the Hartree-Fock approximation (Thouless 1960, Mermin 1963) and for the
Landau-Fermi liquid theory (Pomeranchuk 1958). Both suffer from limitations, the former
being restricted to the simplest approximation of the many-body approach, the latter being
limited to the region of temperatures and momenta where the Landau theory is valid. Itis
the purpose of this paper to show how this connection can be established, in the form of a
strict equivalence, holding for a general class of Green function approximations (the so-
called ‘conserving’ approximations, which include the exact theory). We shall derive the
stability condition by analysing the second variation of the free energy, considered as a
functional of the Green function, around the value of the latter representing the normal-
state solution (e.g. for an interacting electron gas this will be the (fully interacting) uniform
paramagnetic state) when the Green function itself, or the self-energy, undergoes a small
variation.
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488 G. Morandi

As a typical such variation we could consider, for example, the off-diagonal components
of the Nambu matrix Green function in the theory of superconductivity (Nambu 1960,
Schrieffer 1964) or the anomalous Green functions (off-diagonal in both momentum and
spin) which must be introduced to treat the spin density wave itinerant antiferromagnet
(Celli and Morandi 1967).

The theory is not limited to any particular example; the only assumption is that such
‘anomalous’ Green functions behave continuously and are zero in the normal phase. We
then essentially restrict ourselves to second-order phase transitions, which are charaqterlzed
by the continuous growing up of an order parameter (intimately connected with the
anomalous Green functions) from zero in the normal phase to a finite value. Two kinds of
techniques can be used: the perturbation-theoretic one, making use of Feynman’s diagrams,
and the (in principle, non-perturbative) functional derivative technique of Baym and Kadan-
off (Baym and Kadanoff 1962). The latter can be given, step by step, a diagrammatic
interpretation (which is perhaps more intuitively clear). We choose to use this second kind
of technique; the diagrammatic approach is used either to illustrate the basic equations, or
to prove some simple property, when the proof turns out to be shorter and simpler.

In §2 we summarize the basic theory to be used throughout the paper; the stability
criterion is established in § 3 and the connection with the zero-frequency behaviour of the
correlation functions is established in § 4. Section 5 is devoted to rederiving the Mermin-
Thouless theorem as a particular case and to some simple applications. In § 6 we state the
conclusions. The appendix contains the proof of a relation which is of use in the text.

2. Conserving approximations in the many-fermion problem

In this section we briefly summarize the basic formal apparatus to be used throughout
the paper. All the results we shall establish (or simply state) can be found in the literature
(mainly in the papers of Baym and Kadanoff (1961, 1962) and Baym (1962)) and are col-
lected here only to establish the notation and some minor conventions.

Let H, be the full Hamiltonian (kinetic plus potential energy) of the system and u the
chemical potential; we find it convenient to employ, as a time-development operator,

A= Hy—uN 2.1)

(N being the particle number operator) instead of H,. The one-particle Green function is
defined as

1
GLT) = = T} (2.2)

where ¢, f* are Heisenberg wave-field operators, 1, 1’ stand for coordinate, time and spin
indices, the times are assumed to run on the interval (0, —i8) (Baym and Kadanoff 1962),
{...) means a statistical average (in the grand canonical ensemble, i.e. the canonical
ensemble of H) and T'is the usual Dyson time-ordering operator (which orders with respect
to the real variables iz,, if,,). If we assume that an external non-local potential U(1, 2) is
acting on the system, G can be written, in the ‘interaction’ representation in which H is the
zero-order Hamiltonian, as :

1 (TS (1
o) - LIBCD .
where
S = Texp{—i f d(l)d(Z)z/ﬁ(l)U(l,Z)z,b(Z)} 2.4

and [ d(z) stands for X, [ d3r, J5* d#;. In both cases G satisfies the boundary condition

G(1,1));,20 = = G(1,1)];,= —15- (2.5)
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The Dyson equation for G in the presence of U is
G(1,1") = G,~Y(1,1) - U(1,1) - > (1,1")

Gomi(1,17) = (1;;- —/2(1)+,L)8(1-1')

hS

(2.6)

where /(1) is the one-particle part (kinetic energy plus, eventually, a one-body potential) of
H, and X the proper self-energy. A knowledge of G as a functional of U allows one to
determine the two-particle Green function Gy(1, 1'; 2, 2') as
1\ 2 ' 8G(1,1%)
Go(1,2;1°2") = —) T D2y 2 YW (1)} = —
(1212) = (5) <THOBE@W 1) = ~

+G(1,1)G(2,2").
u=0 (2.7)

G itself can be determined from a knowledge of the functional (Baym 1962)
Z = Spiexp(—BH)T[ST} (2.8)

which is the appropriate generalization to our case of the well-known expression for the
partition function. If we set

W= -InZ (2.8
G is given by ST
G(1,1") = ————. (2.9)
sU(1,1)

W can, in turn, be expressed as a functional of G and U (Baym 1962, Luttinger and Ward
1960, see also Nozieres 1964):

W=0-Tr{(G, !-U)G-1}+Tr In(-G) (2.10)
where the functional © has the property that
30
= 1,17, 2.11

Products like UG are to be understood as
(U6)(12) = [ d3T1.6G.2)

and

Tr 4 = fd(l)A(l,l‘f) (2.12)

(1* = (r,t;+0)). W has the property of being stationary with respect to G; in fact by
setting 817/8G = 0 we simply reproduce Dyson’s equation. Equation (2.9) is easily derived
from (2.10); owing to the stationarity property, we need only to vary W with respect to its
explicit dependence on U appearing in the term Tr UG, which immediately leads to (2.9). An
explicit diagrammatic expression for @ can be given if we analyse Z into skeleton diagrams
(i.e. diagrams from which all the diagonal self-energy insertions have been removed and full
propagators replace the bare ones). Let ™ (itself a functional of G and U) be the sum of all
such diagrams containing » vertices; then (Noziéres 1964)

1 21
Q=- > -Tr{Z™G}. (2.13)
)

These are the more relevant features of the exact theory. Needless to say it satisfies all the
physically important conservation laws (particle number, energy, momentum, angular
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momentum). The elegance of this formulation is in the fact that (Baym 1962) all the conser-
vation laws follow from them being satisfied at each vertex (microscopic conservation) and
from the single property of the self-energy of being the variational derivative of a functional
of the exact G.

To be conserving (i.e. to satisfy the conservation laws) is a requirement to be imposed on
every physically meaningful approximation. Equations (2.1) to (2.12) define a whole class
of conserving approximations, each one being uniquely defined by giving an explicit expres-
sion for the functional @, which in turn uniquely defines W and XZ. Through (2.6) and
(2.7) the one- and two-particle fully conserving Green functions can be calculated; at the
end of the calculation U can be set equal to zero and then W gives the approximation to the
grand potential consistent with the given Green functions. It is this class of conserving
(or ‘@-derivable’ (Baym 1962)) approximations we are interested in. Examples of conserv-
ing approximations, including the well-known ones (Hartree and Hartree~Fock, random
phase approximation, etc.) are given in the literature quoted in this section and will not be
reproduced here.

A property of conserving approximations which is of great use and which we shall need
later is that they preserve all the thermodynamic relations that arise from varying a para-
meter in the grand potential (Baym 1962). The stationarity property of W, which allows us
to vary only with respect to its explicit dependence on such a parameter, is of great use in
performing the calculation. One such relation which is easily deduced from (2.10) is the
thermodynamic relation

¢ -
—InZ =B{(N) (2.14)
o
(W = —In Z) which gives
- 1 ‘
(NS = ETr G = —ifdfirG(rt;rt*) (2.15)

consistent with the usual definition of ().
A last formula which will be useful later connects the variation of the self-energy with

the vertex part. If we define (Baym and Kadanoff 1961)

3%(1,2)
8G(2',1")
it is easy to convince oneself that I' is just the irreducible particle-hole vertex part of the
standard many-body perturbation theory.

T(1,1;2,2") = (2.16)

U=0

3. The stability criterion

In all that follows we only assume that a well-defined functional ® exists and satisfies
(2.11); our conclusions hold then for any conserving approximation.

Let us suppose the programme sketched in the previous section has been pushed to the
end and U set equal to zero. We are then describing thermal equilibrium, and Q = 117,
from (2.10), is a definite approximation to the grand potential Q. By varying around one of
its stationary points (the one we have chosen to represent the Green function) given by
Dyson’s equation, we obtain (the first variation being zero)t

520 = —-1—Tr{SG T2 56— (G-156))
28 5G8G’ Y 3.1
the first term being a shorthand notation for
3%

8G(172') d(1) d(2) d(17) d(2"). (3.2)

8G(1,2)
f ( ’8G(1,2)8G(1",2)
t After deriving equation (3.1) we found that it already existed in the literature (Baym 1962).
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It is better to express 8G in terms of a self-energy variation as

8G = -GGG (3.3)
and
G 1 =8(Gy"t-Z )= —-8%2. (3.4)
If we denote the self-energy variation 8Z by A, we have
1 3%
520 = —Tr{GAG Ty G’A’G’—(AG)2}. (3.5)
28 3G 8G’

Let us choose an orthonormal basis {¢,(r)} of single-particle states. In this basis the one-
particle Green function can be defined as

Gis(tisty) = f d?ry dry "o (r) G(1,1)g,(ry") (3.6)

and a similar representation can be given to the self-energy.
For a system at equilibrium G; depends only on 7 = #; —¢,; its Fourier expansion is

(Baym and Kadanoff 1962) )
1 .
Gyyr) = [E 2, exp(—i5t)Giy(%,)

—ip
Gi(z,) = f dr exp(iz,m)G,(7) 3.7)

o]

and 2, is restricted to the values 2, = (2v+1)mi/B, v =0, +1, £2,..,, owing to the
boundary condition (2.5). Moreover, G;,(2,) has the spectral representation

r* dw 4(w)

Giyla) = J . (3.8)
o LT Zy—w
If we start from (3.8), G, can be analytically continued to all complex & (Baym and Kadanoff
1962).
The spectral density is given by

Ajj(@) = Gy (@) + Gy () (3.9)

G,3( w) being the Fourier transforms of the correlation functions {¢,(£)¢;* > and (% ¢,(2) >
respectively (with real £). The boundary condition (2.5) is equivalent to

Giy™(w) = e#9G ;% (w). (3.10)
From the representation (3.6) applied to G,;,3(#,, #,') it is clear that for real times
Gy~ (ti—t) = Gu> "t = 1y) (3.11)
whence
G;”(w) = G, ™ *(w) (3.12)

and hence 4;; will obey the hermiticity condition
Ay(w) = 4,¥0). (3.13)
The same must be true for X, the more general form of which is

n o0 d .
T,() = Iy + J do yife) (3.14)

ew 2 2y —w

The static part ¥ usually arises as a result of a Hartree-Fock-like calculation (whence
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the suffix HF). The above hermiticity condition will hold for y and we must also have
Z7 = (ZEF)* To avoid specifying separately the two conditions, we state them in the
equwalent form

(%) = Zi(—2,). (3.15)

The self-energy variation A can be as general as possible as far as the dependence on the
space and spin coordinates is concerned. We again require time-translational invariance,
so that

A(1,2) = A(ry, 195 1 —15) (3.16)

and A,;;(2,) will obey the same hermiticity requirement (3.15) as X and G.
The irreducible vertex part I'(11, 22') can be transformed in a similar way; let us
define

2
I'(117,227) = (é) 2 expli(a,ty+ 2,8 — &t — 2,1 )}

X Z‘Pi(’l)%(rl/)@1*(7'2)901*('2')<ika(V1 v )i

tikl

At equilibrium I' will depend only on three independent times; we define then

: 1 : N
NNV =3 Byysvr, varvy CRIT @, v's )| 715 (3.17)
where
Zv = %(z‘fl_}-z\’z)’ zV’ = §(zV1/+zV2'); Qu = zV2_zv1 = zvl’_zw"

Q, is then a ‘Bose-like’ (mtegral multiple of 27i/B) frequency. Expressed in perturbation
theoretic language, <ik|I'(v, v'; u)|jI> is the sum of all the irreducible (in the partmle—hole
channel) connected diagrams having the structure shown in figure 1.

In this representation 62Q can be written as

6°Q = ———2 Z zqu( 2,) <QP[X(zva Ry )137 PAg(2y) (318)
Zﬁ pars v’
\k,z,,+ //,zy/—
N s
N v
N /
* #
s
’
1// s
.7 »
7’,2v+ \\/.>zv"'

Figure 1. Graphical representation of
(3.17). Here the four external lines are
indicated for clarity.

Figure 2. Graphical representation of
(3.18). Double full lines represent full
G’s.
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where the matrix X is defined as
<qp]X(zv’ zv’) [ST> = Z GJ’p( - zv)qu( - zv) <ZktF( -V, VI; O) [jZ>Gls(zv’)Grk(zv’) +
15kl
— B8, -G —2,)Grp(— 2,). (3.19)
A graphical representation of (3.18) is given in figure 2.

Let us set 2, = iy, 2,, = ' and indicate the frequency dependence simply by the
indices g, u’. By using the hermiticity property (3.15), (3.18) can be rewritten as

2 1 * (X ’
82°Q = 2p2 2 Z Agp*(w) <QPiqu’lsr DA (). (3.20)
ZB up’ pars
We shall prove that X has the following properties:
<gpy)%uu/ ,S7> = <sr[‘§(u’u‘gp >* (hermiti”.ty) (3.2161)
<gp])2'wisr> = <pq[)z'_u‘_u'|rs ¥ (inversion symmetry). (3.21b)

If we consider X as a matrix in the two groups of indices (gpu) and (sru”), (3.21a) states
that X is Hermitian in the canonical sense of matrix theory. A diagrammatic proof of
(3.21a) and (3.213) is given in the appendix. As anticipated we shall exploit there the
connection between the functional-derivative and the diagrammatic approaches. The
proof could also be given by relying only on the former (i.e. exploiting the property of I of
being a second functional derivative); the diagrammatic proof is, however, considerably
simpler. Equation (3.21a) proves that, X being Hermitian, 62 is (as it should be) mani-
festly real for an arbitrary A satisfying the hermiticity constraint. To ensure that the
solution of the thermal equilibrium problem represents a true stable equilibrium state (or
at least a differentially stable one) we require that

82Q > 0. (3.22)
Equation (3.215) allows us to relax the Hermitian constraint imposed on A, for if we suppose
X has an eigenvector of the form (3.14) (but without any Hermitian constraint), o,,(u)

with a non-positive eigenvalue A (A cannot, in any case, be complex owing to (3.21a)), then
we shall have

1 N
= 2 @b Xlsr yua(p) = Aagy(p). (3.23)

sru’

Using (3.216) we also have

1 .
= 2 Lgp|Xst Doy (= ') = Aapg*(— ) (3.23")

sru’
but then every linear combination of «,(x) and «,,*(—u) is a solution of (3.23). By taking
now

Agp(p) = otgp(p) +o55*(— 1)

Agp(p) = Horgp(p) = 2pg*(— 1)} (3.24)

which cannot be simultaneously zero, we can satisfy (3.15), but (3.22) would be violated.
Let us also note that, from the form of (3.20), we can define a bilinear form

1
(B =5 2, %o (1)Bralw) (3.25)

bau

between any two ‘vectors’ «, B of the given structure, and this has all the properties of a
scalar product. The linear space spanned by the a«,,(u)’s has then the correct metric
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properties to enable us (taking for granted that expressions like (3.20) and (3.25) are con-
vergent) to treat it as a Hilbert space and to consider X as a Hermitian operator on it.

We conclude then that for a given conserving approximation i lead to a (differentially)
stable thermal equilibrium solution, the Hermitian matyrix <qp]X e \sr} must be positive
definite. This is the stability theorem we shall employ in the next sections.

To work with discrete imaginary frequencies has proved to be very useful in establishing
the formal properties of §2Q and hence the stability criterion. At this stage and for practical
purposes, we are obviously free to continue analytically, using the standard procedures, both
A and T into the complex plane of frequencies and to replace the sums with integrals in
which the temperature dependence is explicitly exhibited in the integrands. This has
obviously to be done if one wants to evaluate 82Q for a given approximation.

4. Collective modes versus stability
We define the two-particle correlation function L(1,2; 1'2') as

8G(1,1) '
L(1,2;1',2") = — ——". (4.1)
U2, 2)
Using the relationship between G, G~! and the chain rule of functional differentiation
b 3G(3,4) @&
el EOL O
302", 2) 3U((27,2)8G(3,4)
we can generate the Bethe-Salpeter equation for L:
L22,11) = -G(2',1)G(2,1")

(4.2)

+J‘ ATy ... dD)GI, HGER, HT2 2, TTHLT’ 2,2/ 1), (4.3)

In the basis we are using, L has a representation similar to I". In that basis (4.3) becomes,
after Fourier transforming,

Gk Ly sm)|jl) = — B8, Grfz+)Gul2,-)

1
+=> > Gulzy)Gig(2,-) Lgp| Dy m) sr > rk| LG, v's m) |pl >

v’ pqars

Q,
(zvi =2, + ———2—, etc.). (44)

(4.4) is graphically represented in figure 3.

kK, v+ L,v-

k,v'+

N

Jav+

Figure 3. Bethe-Salpeter equation for L. L is represented by a shaded square with four
external lines.
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In the particle-hole channel Q is the (complex)total energy of the particle-hole pair
(which is conserved during the interaction). L can then be used to build up the response
function of the system to an external probe varying in time with frequency Q,,; the physical
response function is obtained by analytically continuing to all complex Q and taking the
limit as Q tends to the real axis from above. The poles of L in the variable Q give then the
frequencies of the collective modes of the system.

We are interested here in the static limit (Q,, = 0) of the response function. We again
find it more useful not to perform the analytical continuation with respect to z,, z,.. If we
define then, in the static limit,

GRILE Ol = k| Ly |l (4.5)

we have for L, the equation

(k| Ly |J1D = =By Grf() Gulp)

1 -
+= z Z G () Giolp) <9P1Fuu”lsr h <7'le11”#’ !pl> (4.6)

L pqrs
If we invert the relation (3.19) between X and T' we obtain
ik | Lo |]l> = Z G H()Gig ™ H (1) <qplX—u,u’ ‘s” PLENIE (T [E M (1))

pars
+ 88, G H{p)Gr; ™ Hw)- 4.7)
If we define further
<37l‘&uu’lw> = Z Gsi_l(;‘/‘)Gjr~1(f’“) <ik|Lu—u"jl>thc_l(_V“/)le—l(_:“") (4.8)
ijkl

(4.6) turns out to be equivalent to
1 A A
= Z z <qP|XuEIsr><srlAﬁu’lvt> = Bsuu’atpgqv (4-9)
LS

i.e. to the statement that A is the inverse matrix of X, in the sense the word ‘matrix’ has been
used in the previous section.

Let us suppose now that L has a pole at Q = 0. The residue in the pole is a solution of
the homogeneous equation associated with (4.6); it can be represented (Noziéres 1964, p. 249)

® Res Cik| Ly |j1> = Un(w) Ui, (4.10)
At the same point A will also have a pole, and
Res {(pg|Ay bk ) = apo(p)on( =) (4.11)
and =« will be a solution of
p) | X pg Y20 ) = 0. (4.12)

If « = 0, the stability condition is manifestly violated by (4.12). We then conclude that for
a given conserving approximation to lead to a stable thermodynamic equilibrium state, no correla-
tion function must have poles at zero frequency (with a non-trivial residue).

If instead we are in a situation in which only a weaker stability condition holds, i.e.
82Q) > 07, the A which makes 8%°Q vanish must be a solution of (4.12), as for this the
Hermitian form (3.20) assumes its minimum value.

Going back to the original definitions, we find that (4.12) is identical with

1 "
Ui;‘(f") = Z Z qu(#)Gm(l-‘) <PV]FNQ|QS>US,([L) (4.13)

L wars
+ This can be thought of as the situation corresponding to the onset of a given instability.
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i.e. the homogeneous Bethe—Salpeter equation for Lat Q , = 0. L in turn can be expressed
in terms of the full vertex I' which is the solution of a Bethe-Salpeter equation similar to
(4.3):

(it can be checked that (4.15) is the solution of (4.3), with I' given by (4.14) ). Equation
(4.13) is then also equivalent to the homogeneous Bethe-Salpeter equation for I'. Thelatter
is the usual starting point for the analysis of the onset of instabilities in the normal phase.
We have then shown how it comes out from, and is equivalent to, the failure of the normal-
state solution to give a relative minimum of the free energy.

A couple of brief comments should be added at this point. The above statements can be
somewhat disturbing at first sight, in so far as everybody can produce plenty of examples of
collective modes of many-fermion systems whose frequency continuously vanishes when
some parameter (in general the momentum of the mode) tends to zero without any conse-
quences at all for the stability. This is the case, for example, for the zero and first-sound
modes in a fermion system with short-range repulsive interaction. Let us fix our attention
on this case (i.e. Q = €Q(g) and Linox Q(g) = 0); then it can be easily verified (cf. Noziéres

and Pines 1966) that the residue in the pole of the appropriate response function wvanishes
when ¢ =0 (i.e. this is a trivial case of (4.12) which by no means affects the stability),
although the same response function is perfectly regular if, as we did in deriving the above
theorem, we first set = 0 and then let the other parameters vary.

We argue that this must be true also in more general cases. This is also another way of
stating the well-known fact that a response function is a highly singular function of its space—
time (or momentum—frequency) arguments and that (4.12) represents a well-defined pre-
scription for taking the static limit, which is by no means the same as picking up a pole at
some finite Q and following it until it vanishes.

A result completely analogous to that of §§ 3 and 4 has already been derived, as mentioned
in § 1, within the framework of the Landau-Fermi liquid theory (Pomeranchuk 1958, see also
Noziéres and Pines 1966) and is known as Pomeranchuk’s stability criterion. It has been
shown (Nyberg 1968) how Pomeranchuk’s criterion can be recovered starting from the
homogeneous Bethe—Salpeter equation for the vertex part. As our treatment also leads to the
same equation, the results we have established become equivalent, when the appropriate
limits are taken (7" — 0, momentum and frequency of any external probe much less than the
Fermi momentum and chemical potential), to those of Pomeranchuk, of which they are the
generalization to arbitrary temperatures (and momenta). They are yet more general in
another sense, in so far as the kind of variation of the self-energy we consider has no restric-
tions coming from, say, particle-number conservation or other selection rules which instead
affect the derivation of Pomeranchuk’s criterion (Nyberg 1968). This will be shown more
explicitly in the next section.

5. Some simple applications
5.1. Rederivation of the Thouless—Mermin theorem

The connection between collective behaviour and thermodynamic stability has already
been established limited to the Hartree—Fock approximation. It takes a more general form
than our result, in so far as it states that thermodynamic stability requires the equations of
the random phase approximation (i.e. the approximation for L consistent with the Hartree—
Fock approximation for the grand potential) to have no complex poles; it is then not limited
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to the static case. The theorem has been established by Thouless (1960) at zero temperature
and generalized by Mermin (1963) to T" # 0. It can be deduced from the general formula-
tion of § 3 in the following way.

Let us restrict A to being of the Hartree-Fock type (cf. (3.14)) and take the basis of
single-particle states which are solutions of the Hartree-Fock equation; then

Gii(2,) = 8i;(z,— €7F) 71 (5.1)

Moreover, as in the Hartree-Fock approximation

o = —%fd(l)d(Z){G(l,l““)G(Z,2+)—G(2, 1YG(L, 24V (ry —72)8(t1 — £5%).

(5.2)
We find after a few simple manipulations that I is frequency-independent and given by
GulDlimy = < jn|V]imy — {n|Vimi> (5.3)
where
G| V]nm = f dPx &0 (%) () V(% =4 )on(*)pm(%"). (5.4)

The sums over frequencies involve only G factors and can be done. The final result is

20 =5 a 2 5 0 S50 vy - i A,

tinm ‘ m (5-5)

where f; = f(&)), f being the Fermi function.
The position (leading essentially back from a self-energy to a Green function variation)

éi—¢;
fi=1;

immediately reduces (5.5) to equation (2.22) of Mermin (1963) (see also Celli and Mermin
(1965) where (5.6) was first introduced). Equation (5.5), together with (4.4) written
in the random phase approximation, is what is needed to prove the theorem.

The reason why, in the Hartree-Fock approximation, the conclusions are not restricted
to the zero-frequency behaviour of the correlation functions can easily be traced to the vertex
part being completely frequency-independent in this case; the limitations imposed on the
time dependence of A are then unimportant, and the collective behaviour can be studied
without limitations. As a consequence of (5.5) it has been proved (Mermin 1963) that a
stable Hartree-Fock approximation fulfills the thermodynamic inequality (Landau and
Lifshitz 1958)

Ay = Opi; (5.6)

épP
— > 0. (5.7)
op
A statement equivalent to (5.7) is
oN
(=) >o. (5:9)
ou/ g

Let us use for the time being the symbols d/du for the total derivative with respect to u
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and &féu for the derivative with respect to the explicit dependence on . Hence, as

d o 8Q dG+ oQ 5.9)
du™ 56 dp  u S
(which reduces to (2.14) at equilibrium), we have
dN 1/d?
(_f_) =’__(___2_Q) (5.10)
du /e B \du eq*
But
d2Q 8Qd*G dG 8?Q dG' 8 QdG) &Q
= rf————+——Tr’ ——+——~——} —. (5.11)
du? |8Gdu?  dp~ 8GS8G'dp  8G du du ) éu?
As, in any case,
(29
— = -TrG (5.12)
o
we then have at equilibrium
T dGT,Sm dG’} T{(S EQ)dG} '513)
Nap Tsese a1 T T TWNG e ) T I G-
But
5§ 0Q
—_— = -1 (5.14)
8G o
and hence

dN) 1 {dGT, 52Q  dG c13)
(d# w B Udp T 5G8G du (.13

which proves that a stable thermal equilibrium solution cannot violate the thermodynamic
inequality (5.8) (compare (5.15) with (3.1)). This result too is found to be true for any
conserving approximation and not limited to the Hartree—Fock approximation. If we take
the T — 0 limit of (5.13), (5.8) becomes identical with the first of Pomeranchuk’s conditions,
i.e. 14+ F, > 0 (see Noziéres and Pines (1966) for the meaning of the symbols).

5.2. Cooper instability

In order to treat the superconducting instability we must generalize slightly the formalism
used up to now. Let us recall that superconductivity is best described by using Nambu'’s
formalism (Nambu 1960, Schrieffer 1964), in which the self-energy is a 2 x 2 matrix

Z (Ps zv) = zv{l - Z(Ps zv)} + X(p! zv)Ts +¢(P’ 2'v)'rl (516)

(71, 73 are the usual Pauli matrices) and G and X are related by Dyson’s equation (a matrix
equation now) with

GO—l(.P’ 2v> = 2'v_g;ﬂ':%' (5.17)

 is the order parameter, to be determined self-consistently, and ¢ = 0 corresponds to the
normal state. In this case G is given by

sz(P’ zv) + GapTB
{3,Z(p, 2,)? = &,%

Going back to § 2, let us assume that the indices 7,j, ... correspond now to the matrix indices

G(p, %) = (5.18)
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of Nambu, and take for a translationally invariant system

Ay(zy) = ¢(Ps 2)(71)y- (5.19)

Products such as GAG (cf. (3.5)), where G is chosen to represent the normal-state solution
(5.18), become then ‘

(GAG)M = ¢(P, zv)D(P’ zv)(Tl)ad (5.20)
D(Pa zv) = [{sz(P>zv)}2_gp2]_l (521)

and the expression for §2Q can be cast into the form

1ofla 1 8% .
82Q = E% .E;p‘ﬁ(l)a zv)D(Ps 2v) Eimzpq [(TI)tm(m) U=o(p,P y &y By )(Tl)qp]

X ‘ﬁ(p” zv')D(Pl’ zv') - ‘752(1)’ Z\Y)D(P! 2‘\,)} (522)

The second variational derivative of ¢ appearing in (5.22) must be understood as being
taken in the presence of the appropriate external source field (which will couple in this case
with s+ (1) ¢+ (2) and ¢(1) ¥(2) and is then the generalization appropriate to the present case
of Uin §2). Then, if we set U = 0, the result must be Fourier transformed with respect
to the time variables and taken at Q,, = 0 (and also, as we have specialized to a transla-
tionally invariant case and A is diagonal as far as momentum is concerned, the result will
depend only on two independent momenta). Before setting U = 0, the expression within
square brackets in (5.22) is (we do not indicate explicitly the space-time variables in order
not to lengthen the formulae)

1 1 82 52 82 52
=> [.1= —{ ¢ + ¢ + ¢ + ¢ }
2 218G,,8G,;  8G48G,, 8G,58G, 8G48Gy,

impgq

L 8 -1
i3 o elte ot QU |

(g) (b)Y () (o)

(5.23)

Figure 4. Graphical illustration of (5.23).

and contains diagrams of the four types displayed in figure 4. It is clear that, when U — 0,
only diagrams (a) and (4) (i.e. diagrams with equal numbers of particles entering and leaving)
are left; as (@) and (b) only differ by an interchange of (p,v) with (p’,»"), which is unimportant
owing tothe symmetry of (5.22), itis clear that the final outcome of this (only formally complex)
operation is just the particle-particle irreducible vertex for two particles with zero total
energy and momentum. Thisis what we needed, as it is just an instability in the particle—
particle channel of the vertex part which leads to the superconducting transition (Schrieffer
1964).
Then let T'(pp’; 2,2, be the vertex; (5.22) becomes

1 . N
20 = = 3 3 $*(p, 2)X(ep’, 22 )42, 5) (5.24)

v pp’
with

R(pp', 3,2) = D(p, =T (pp's —v,v)D(p’,v") = 8,88, v D(p, =¥).  (5.25)

The proof given of the basic properties (3.21) can be extended without difficulty to the
present case; hence the discussion of the preceding section can be taken up (with only minor
changes). In particular (4.13) now becomes equivalent to the homogeneous Bethe—Salpeter
equation for the particle-particle vertex at zero total energy-momentum of the particle pair.
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The temperature at which it first has a non-trivial solution is the superconducting transition
temperature, and is identical with the temperature at which 82Q first becomes zero (i.e. the
temperature at which the normal state and the superconducting state with an infinitesimal
amplitude of the gap parameter have the same free energy). Had we started from below T,
(4.13) would give the limiting value of the gap equation as T — T..

We have studied in detail the superconducting instability only in order to show how
general the method developed in §§ 3 and 4 can be. Other types of instabilities could be
devised (e.g. the Overhauser spin density wave instability (Celli and Mermin 1965, Celli
et al. 1966, Celli and Morandi 1967), but the study proceeds essentially along the same lines
and would not then be especially illuminating. We refer for them to the literature (see,
mainly, Mattuck and Johansson 1968).

6. Concluding remarks

The two approaches to the instability problem, the dynamical approach looking at the
appearance of zero-frequency poles in the appropriate correlation functions (or, equivalently,
in the corresponding vertex parts) and the statistical-mechanical approach, where in-
stabilities appear as a failure of a given approximation to the free energy to be a local mini-
mum, have been found to be completely equivalent; this gives a general justification to the
way many-body theorists look at the onset of instabilities. Apart from the possibility of
trivial examples, the solutions of (4.13) (which are, as we saw, connected with the onset of
such instabilities) are always, loosely speaking, off-diagonal in some quantum numbers with
respect to which the normal solution is diagonal (particle number in the case of Cooper’s
instability, spin and momentum in the case of Overhauser’s spin density waves, etc.). We
(eventually) found that the temperature at which these non-trivial solutions begin to exist
is the transition temperature towards a new phase, characterized by some order parameter
which is intimately connected with the solution of (4.13) (again, referring to the above
examples, the order parameter is (Yxs T1f_ g ¥ > for a superconductor, (g 4,4 " ¢bgy ) in the
spin density wave case, and so on). The structure of the solution then immediately gives a
hint on how to treat the system below the transition temperature. What we have to do is
just to introduce additional Green functions corresponding to the new non-vanishing
expectation values (the ‘anomalous’ Green function of Gor’kov and Nambu in the theory of
superconductivity) and to re-adapt the theoretical scheme of § 2 to this new situation. The
formal extension of the equations of § 2 to the more general case in which the Green function
is a matrix (with off-diagonal elements corresponding to the ‘anomalous’ functions) is easy
and without special problems. Thistechnique is well known in the case of superconductivity;
it has been also applied to the spin density wave problem (Celli and Morandi 1967). A
general review of it has been given by Mattuck and Johansson (1968) from the diagrammatic
point of view.

Having in mind some definite phase transition, one could start from the very beginning
with the above formalism, obtain self-consistent equations for the anomalous Green
function and determine the transition temperature (or equivalently, at fixed temperature, the
critical interaction strength) as the temperature at which their solution vanishes. This is the
point of view of Mattuck and Johansson (1968). It has been shown by the same authors that,
at the critical point, the equation for the anomalous part of the self-energy reduces to the
homogeneous Bethe-Salpeter equation for the vertex part taken in the appropriate channel,
which is also our result. The two points of view, the latter and that of the present paper,
then just complement each other: our approach (which considers the problem, so to speak,
from the normal side, or from above the critical point) goes smoothly, as the critical
point is crossed, into the renormalized theory developed by Mattuck and Johansson; the
two approaches together give, we believe, a fairly complete analysis of the possible second-
order phase transitions in a Fermi system.

Appendix. Properties of the irreducible vertex part at zero total energy
Using (3.19) it can immediately be checked that (3.214) and (3.215) are true provided

k| |ily = (H|T_ 0, iR (A1)
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and

GRTy 1y = GIT - ihO*. (A2)
Using (Al), (A2) can be reduced to

GR|Ty gl = <kilTy,
(Al) and (A3) are graphically represented in figure 5.

(A3)

kv v v /4=y

@ (AD
kv {,-v

kvt

(A3)

Figure 5. Graphical representation of equations (Al) and (A3).

That the two diagrams of (A3) are equal is immediately evident: the right-hand side of
the graphical equation just corresponds to a rotation of the left-hand side around its centre;
the two are topologically the same diagram. As to (Al), let us suppose we analyse the
diagrams into skeletons; the only change to the standard rules of finite temperature pertur-
bation theory is that to each line in a diagram we must associate a dressed propagator
G,,(2,) (and to G; we associate a line running from j to #) instead of a bare one (Abrikosov et
al. 1963). From these rules and the hermiticity condition on G, we see that complex con-
jugation just changes the sign of the four external frequency variables (the internal ones are
also changed, but they are dummy indices) and inverts the direction of each propagator
line. After these operationshave been performed, it is then also proved that every diagram on
the right-hand side of (A1) turns into a diagram contributing to the left-hand side of (Al).

References

ABRIKOSOV, A. A., Gor’kov, L. P., and DzvarosHinski, 1. E., 1963, Methods of Quantum Field Theory
in Statistical Physics (Englewood Cliffs, N.J.: Prentice-Hall), § 8.

Bavm, G., 1962, Phys. Rev., 127, 1391-401.

Baym, G., and KapaNorr, L. P., 1961, Phys. Rev., 124, 287-99.

1962, Quantum Statistical Mechanics (New York: W, A, Benjamin), chaps 3 and 3.

CEeLLI, V., FaNo, G., and Moranpi, G., 1966, Nuovo Cim., 43, 42-63.

CeLL1, V., and MerMiIN, N. D, 1965, Phys. Rev., 140A, 839-53.

CEeLL1, V., and Moranpi, G., 1967, Nuovoe Cim, 50, 72-93.

HUBER, A., 1967, Mathematical Methods in Solid State and Superfluid Theory (Edinburgh: Oliver and
Boyd), pp. 364-92,

Lanpau, L. D., and LirsHiTz, E. M., 1958, Statistical Physics (Oxford: Pergamon Press), § 21.

LUTTINGER, J. M., and Warp, J. C., 1960, Phys. Rev., 118, 1417-27,

MatTTUck, R. D., and JoHanssox, B., 1968, Adv. Phys., 17, 509-62.

MerMiIN, N, D., 1963, Ann. Phys., N.Y., 21, 99-121.

Namsu, Y., 1960, Phys. Rev., 117, 648-63.

NozI1ERES, P., 1964, Theory of Interacting Fermi Systems (New York: W. A, Benjamin), chap. 5, §6;
chap. 6, § 2.




502 G. Morands

Nozitres, P., and PINgs, D., 1966, Theory of Quantum Liguids (New York: W, A, Benjamin), §§ 2.5,
2.7 and chap. 1.

NYBERG, J., 1968, Phys. Norv., 3, 79-84.

PoMERANCHUK, 1. IA., 1958, Sov. Phys.~JETP, 35, 524-5.

SCHRIEFFER, J. R., 1964, Theory of Superconductivity (INew York: W. A. Benjamin), chap, 7.

STONER, E. C., 1938, Proc. R. Soc. A, 165, 372—414,

TaouLEss, D. J., 1960, Nucl. Phys., 21, 225-32.



